We introduce the concept of a family of sets generating another family. Then we prove that if X is a topological space and X has W = {W( ) : ∈ X } which is finitely generated by a countable family satisfying (F ) which consists of families each Noetherian of ω-rank, then X is metaLindelöf as well as a countable product of them. We also prove that if W satisfies ω-rank (F ) and, for every ∈ X , W( ) is of the form W 0 ( ) ∪ W 1 ( ), where W 0 ( ) is Noetherian and W 1 ( ) consists of neighbourhoods of , then X is metacompact.
Introduction and terminology
It is known that lattice conditions as in [1] are not inherited by products. We here try to weaken those conditions so far that the product spaces satisfies them. For this purpose we need the following definitions and facts.
Recall that a T 1 -topological space X has W satisfying (F ), if W = {W( ) : ∈ X } where each W( ) consists of subsets of X containing and if ∈ U and U is open, then there exists an open set V = V ( U) containing such that ∈ W ⊆ U for some W ∈ W( ) whenever ∈ V (F ) * E-mail: osul@metu.edu.tr † E-mail: cvural@gazi.edu.tr Let W satisfy (F ) and P be an order property, then W is said to satisfy P (F ) if each W( ) satisfies P with respect to inclusion. W is called well-ordered (F ) if each W( ) is well ordered by reverse inclusion.
Let (P ≤) be a partially ordered set, and let A be a nonempty subset of P. If any distinct two elements of A are incomparable then A is called an anti-chain. If A is not an anti-chain, then A is called a dependent subset of P.
In [1, Theorem 4] , it was established that if the space X has W satisfying well-ordered (F ), then X is paracompact, and in [3, Theorem 12] , it was established that a finite product of spaces having well-ordered (F ) is metacompact.
A partially ordered set P is called κ-Noetherian, if the cardinality of every increasing subset of P is less than the infinite cardinal κ. If κ = ω, then P is called Noetherian.
The concept of rank of a family of sets was introduced by Nagata [7] on which Gruenhage and Nyikos built some results later, for example see [4, 8] . In this work, the rank of a partially ordered set P, rank(P), is the smallest cardinal number such that for each subset A of P with |A| ≥ , A is dependent. In [9] , using the concepts of rank and Noetherianness, some results related to metacompactness of the spaces have been obtained.
If rank(P) ≤ , we will say that P is of -rank. It is obvious that P is of ω-rank if and only if each infinite subset of P has at least two elements which are comparable.
In this paper, the notion generated family is introduced to transfer some lattice conditions on the spaces into their products. With this approach, it has been observed that some properties of lattice conditions can be carried into finite and infinite products by using some relations involving partitions of cardinals. The condition of well-ordered (F ) does not need to be preserved in an infinite product. In [1, Theorem 4] imposing a well-ordered set on W( ) serves two purposes; first one being that the family of W( ) to form a chain and the second one is to ascertain that there are no infinite ascending chains in W( ) families. We, however, suggest to weaken this imposition by limiting the ranks of W( ) families to serve the first purpose and by the Noetherianness of the family to serve second purpose above. The crossections in the product space is under control by the conditions imposed on generated family notion and by applying Ramsey's Theorem [2, 5] , and we obtain some results on the sufficient conditions for a space or a product space to be metacompact or metaLindelöf.
Throughout this paper, let X be a T 1 topological space, κ λ µ be infinite cardinal numbers, and α β γ ρ τ denote cardinal or ordinal numbers, ω being the first infinite ordinal and cardinal. The cofinality of an ordered set A is denoted by cf(A), and the cardinality of any set A is denoted by |A|. We refer to [2, 5] for unexplained set-theoretic terminology and notations.
Generated families

Definition 2.1.
Let A and B α be any families for each α ∈ . If for each A ∈ A there exists B ⊆ α∈ B α such that |B| < κ and A = {B : B ∈ B}, then we say that the family A is < κ generated by an -family. If κ = ω, then the family A is called finitely generated by an -family. In this case, the family {B α : α ∈ } is called a generator. Let be a positive integer. If = 1 and for each A ∈ A there exists B ⊆ B 0 such that |B| = and A = {B : B ∈ B}, then we say that the family A is -generated by a 1-family.
Let W = {W( ) : ∈ X } satisfy (F ). If each W( ) in W is < κ generated by an -family and each family in the generator is µ-Noetherian of λ-rank then W is said to be (κ µ λ)-generated by an -family satisfying (F ).
Let X be an arbitrary set of cardinality κ, and let σ be an ordinal, and let γ κ ρ , with ρ < σ , be cardinals. Recall that the notation κ → (κ ρ ) γ ρ<σ is used if for every γ-partition of X with σ colors, there is a set H ⊆ X and an ordinal ρ < σ such that H is homogenous in color ρ with respect to and |H| = κ ρ . If all cardinals κ ρ are equal to τ, then it is
The following lemmas are needed in the proof of the next theorem. Proof. Let A = {A α : α ∈ }, and let B ρ be a subset of the set A with B ρ = {B(ρ ) : ∈ κ ρ } where κ ρ < κ for each ρ ∈ µ. For each ρ ∈ µ and ∈ κ ρ , we can choose
Lemma 2.3. Proof. Suppose that there is a subset I of µ with cardinality µ and B ρ \ B γ = ∅ for each γ ρ ∈ I with γ < ρ. Since the family B is < σ + 1 generated by the family {W α : α ∈ σ }, we have a subfamily A ρ of {W α : α ∈ σ } such that |A ρ | ≤ σ and B ρ = A ρ for each ρ ∈ I. Without loss of generality, we may assume that
for each γ ρ ∈ I with γ < ρ. Define a function :
Since µ → (κ) 2 σ , we have a subset J of I with cardinality κ, and an element 0 of σ × 2 such that ({γ ρ}) = 0 for each γ ρ ∈ I. We have = 0 or = 1. But these contradict with the facts that the family W 0 is, respectively, of κ-rank and κ-Noetherian.
We observe that the above lemmas lead us to the following proposition.
Proposition 2.4.
Let σ < κ and for each α ∈ σ the family W α be κ-Noetherian of κ-rank. Let the family B = {B ρ : ρ ∈ µ} be < σ + 1 generated by the family {W α : α ∈ σ }. If we have µ → (κ) 2 σ , then the family B is µ-Noetherian of µ-rank.
Theorem 2.5.
If the space X has W that is (κ κ κ)-generated by an -family satisfying (F ), and if <κ < cf(µ) and µ → (κ) 2 σ for each
Proof. Let W α ( ) be κ-Noetherian of κ-rank for each in X and α ∈ . Let the family W( ) be < κ generated by {W α ( ) : α ∈ } for each . Let O = {O ρ : ρ < λ} be an arbitrary open cover of X . For each ρ < λ, let
is an open set arising from the condition (F ).
Let V = {V ρ : ρ < λ}. It is clear that V is an open refinement of O. Suppose that V is not point < µ. It follows that there exist ∈ X and a subset I of λ of cardinality µ such that ∈ V ρ for each ρ ∈ I. From the definition of V ρ , there exists ρ ∈ P ρ such that ∈ V ( ρ O ρ ) and so there exists W ρ ∈ W( ) such that ρ ∈ W ρ ⊆ O ρ for each ρ ∈ I. Since the family W( ) is < κ generated by {W α ( ) : α ∈ }, there exists a subfamily A ρ of α∈ W α ( ) such that W ρ = A ρ and |A ρ | < κ for each ρ ∈ I. By Lemma 2.2, there exist κ 0 < κ, a subset M of I with cardinality µ, and a subfamily A of {W α ( ) : α ∈ } such that A ρ ∈ A Using Ramsey's Theorem [2, 5] , the following theorem can be proved as the one above.
Theorem 2.6.
Let be a positive integer. If the space X has W that is ( ω ω)-generated by a 1-family satisfying (F ), then X is metacompact.
We observe that all families which are (2 ω ω)-generated by a 1-family are Noetherian of ω-rank.
If we are to use the generalized continuum hypotheses then we have κ <cf(κ)
= κ, and κ + → (κ) 2 σ for each σ < cf(κ) [2] .
Hence we can give the following by Theorem 2.5.
Corollary 2.7.
Assume (GCH). Let κ be a regular cardinal. If the space X has W that is (κ κ κ)-generated by a κ-family satisfying (F ), then X is (∞ κ)-metaLindelöf.
If we take = κ = ω in Theorem 2.5, then, from Ramsey's Theorem, we can say that Corollary 2.8.
If the space X has W that is (ω ω ω)-generated by an ω-family satisfying (F ), then X is metaLindelöf.
MetaLindelöfness of the product spaces
In this section, we will investigate preservation of covering properties with respect to products of spaces which have W that is (κ µ λ)-generated by an -family satisfying (F ). In [3, Lemma10] , it was obtained that the finite product of spaces, each of which has W that is Noetherian of ω-rank (F ), has W that is Noetherian of ω-rank (F ). Also it was shown that if the space X has W that is Noetherian of ω-rank (F ) then X is hereditarily metacompact. Thus, it was established that the finite product of spaces, each of which has W that is Noetherian of ω-rank (F ), is hereditarily metacompact.
From Theorem 2.6, we know that if the space X has W that is ( ω ω)-generated by a 1-family satisfying (F ) then X is metacompact. By the following lemma, we conclude that the finite product of topological spaces having such W is metacompact.
Lemma 3.1.
Let be a positive integer. For each ∈ , let X be a topological space and be a positive integer. If for each ∈ , the space X has W = {W ( ) : ∈ X } that is ( ω ω)-generated by a 1-family satisfying (F ), then the product space
∈ X has W that is ( 0 + 1 + · · · + −1 ω ω)-generated by a 1-family satisfying (F ).
Proof.
It is enough to show that the claim holds for the product of two topological spaces. Let the space X have We may give some similar results in the case of the product of arbitrarily many topological spaces. For this purpose, we shall recall < µ box topology on the set ∈σ X .
Definition 3.3.
Let σ and µ be infinite cardinals, and let X be a topological space for each ∈ σ . The topology generated by the family B = ∈σ U : U is open in X and |{ ∈ σ : U = X }| < µ on the set ∈σ X is called < µ box topology. The product set ∈σ X with the < µ box topology is denoted by ∈σ X <µ . If µ = ω, then it is clear that the < µ box topology is the usual product topology.
Theorem 3.4.
Let κ µ σ be infinite cardinal numbers. If the space X has W = {W ( ) : ∈ X } satisfying (κ κ κ)-generated by an -family (F ) for each ∈ σ , and if µ ≤ cf(κ), then the space ∈σ X <µ has W that is (κ κ κ)-generated by an max{ σ }-family satisfying (F ).
Proof. Let B α ( ) be κ-Noetherian of κ-rank, for each ∈ σ , ∈ X , α ∈ , and let W ( ) be < κ generated by the From the above theorem and Corollary 2.8, we can assert the following immediately.
Corollary 3.5.
A countable product of spaces having W satisfying (ω ω ω)-generated by an ω-family satisfying (F ) is metaLindelöf.
Since λ <ω = λ for any infinite cardinal λ, by Ramsey's Theorem and Theorems 3.4 and 2.5, we can say that Corollary 3.6.
Let λ be an infinite cardinal. If the space X has W that is (ω ω ω)-generated by an ω-family satisfying (F ) for each ∈ λ, then the product space ∈λ X is (∞ λ)-metaLindelöf.
A weaker form of the chain (F ) condition for metacompactness
In [6, Theorem 14], it was proved that if the space X has W satisfying chain (F ) and for each , W( ) = W 0 ( ) ∪ W 1 ( ) where W 0 ( ) is well ordered by ⊇ and W 1 ( ) consists of neighbourhoods of , then X is paracompact. Essentially, in the proof of this theorem it has been shown that the space X is metacompact. A space having W satisfying chain (F ) is necessarily monotonically normal, and hence collectionwise normal [1, Theorem 3], and it is well known that collectionwise normal, metacompact spaces are paracompact. In the following theorem, since the families W( ) are not a chain, the space X need not be collectionwise normal. Therefore we cannot obtain paracompactness of the space X . 
Take any element of X . There is a unique α < τ such that ∈ P α . If belongs to Y , then there is a unique
Define an open neighbourhood T of as
is an open set arising from the condition (F ). Let V = {V α : α < τ}. It is obvious that V is an open refinement of O. In order to see that the family V is point-finite, first we will prove that the following claims.
Claim 1.
Let ∈ X , {α : ∈ ω} be an increasing sequence in τ, and ∈ P α for each ∈ ω. Let Since ∈ V ( A α ), there exists S ∈ W( ) with ∈ S ⊆ A α for each ∈ ω. Since the family W( ) is of ω-rank, we have an infinite subset J of ω such that the family {S : ∈ J} is a chain. Since the sequence {α : ∈ J} is increasing and ∈ P α for each ∈ J, we have / ∈ O α , and hence / ∈ A α for each ∈ J with < . This leads us to the fact that S S for < . Thus, {S : ∈ J} is an increasing subfamily of W( 
Claim 2.
Let ∈ Y β for β ∈ λ. Let {α : ∈ ω} be an increasing sequence in τ, and ∈ P α for each ∈ ω. Then the set ∈ γ≥β Y γ : ∈ V ( T ) is finite. In order to proceed with our proof, suppose that V is not point-finite. It follows that there exist ∈ X and an increasing subset {α : ∈ ω} of τ such that ∈ V α for each ∈ ω. By the definition of V α , there exists ∈ P α such that ∈ V V ( T ) . Since P α and P α are disjoint sets, = for each ∈ ω with = . From Claim 1, there exist an infinite subset I of ω and an increasing subset {S : ∈ I} of W 1 ( ) such that ∈ S ⊆ V ( T ) for each ∈ I. Since ∈ V ( T ) for each ∈ I with < , then ∈ Y for each ∈ I, from Claim 1. Therefore, there exists β < λ with ∈ Y β for each ∈ I. We can assume that β ≤ β for each ∈ I with < . Take ∈ I.
Since ∈ Y β , the set ∈ γ≥β Y γ : ∈ V ( T ) is finite by Claim 2. But, the fact ∈ S ⊆ S ⊆ V ( T )
for each ∈ I with > leads us to the fact that { : ∈ I and > } ⊆ ∈ γ≥β Y γ : ∈ V ( T ) , and hence the set ∈ γ≥β Y γ : ∈ V ( T ) is infinite. This is a contradiction. Hence the family V is point-finite.
The Erdős-Dushnik-Miller Theorem [2, 5] says that κ → (κ ω) 2 for each infinite cardinal κ. Using this fact, the following theorem may be proved in a similar fashion as above. 
